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We focus on quantum systems that can be effectively described as a localized spin-s particle
subject to a static magnetic field coplanar to a coexisting elliptically rotating time-periodic field.
Depending on the values taken on by the static and rotating components, the total magnetic field
shows two regimes with different topological properties. Along the boundary that separates these two
regimes, the total magnetic field vanishes periodically in time and the system dynamics becomes
highly nonadiabatic. We derive a relation between two time-averaged quantities of the system
which is linked to the topology of the applied magnetic field. Based on this finding, we propose a
measurable quantity that has the ability to indicate the topology of the total magnetic field without
knowing a priori the value of the static component. We also propose a possible implementation
of our approach by a trapped-ion quantum system. The results presented here are independent
of the initial state of the system. In particular, when the system is initialized in a Floquet state,
we find some interesting properties of the quasienergy spectrum which are linked to the topological
change of the total magnetic field. Throughout the paper, the theoretical results are illustrated with
numerical simulations for the case of a two-level quantum system.
I. INTRODUCTION
The last two decades have shown the emergence of
a significant body of work in geometrical and topolog-
ical effects in physics. The experimental discovery of
topological insulators and the ongoing chase for topo-
logical superconductors [1–3] are fundamental milestones
towards the possibility of using topologically protected
states for quantum computation and information appli-
cations [4, 5]. One of the new research avenues opened
by this success is Floquet topology: the exploration of
topological effects in cases were the spatial periodicity
is replaced (or complemented) by time-periodicity [6–8].
This has led to proposals of Floquet topological insula-
tors [9, 10], Floquet topological superconductors [11–13],
amid a monumental amount of Floquet-related theoret-
ical and experimental contributions, ranging from cold
atoms and ion-traps [14, 15] to plasmonic and photonic
platforms [16–19].
In this context novel research advances have also been
achieved on fundamental isolated driven quantum sys-
tems, as it is the case of a spin subject to a time-periodic
magnetic field. Indeed, the Floquet spin-1/2 case has
been more extensively studied, as it maps to the dynam-
ics of any periodically driven two-level system (TLS) or
qubit. The most studied configuration involves an uni-
axial magnetic field drive which is perpendicular to a
static magnetic field [20–26], the so called Rabi model
of ubiquitous use in nuclear magnetic resonance (NMR).
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The weak driving aspects of the nontrivial solution to
this problem can be captured by considering a circular
driving field that rotates in the plane perpendicular to
the static field. This particular geometrical arrangement
of the fields allows the obtention of the exact solution
by a simple transformation to the rotating frame [27].
Another famous configuration, leading to Landau-Zener-
Stu¨ckelberg interferometry physics [28–30], is obtained
when the Rabi setup includes an additional component
of the static field which lies along the axis of the linear
driving.
In this work, instead, we focus on the case in which
the driving field rotates elliptically in a plane that con-
tains the direction of a competing static field. For cir-
cular driving, this peculiar configuration was first pro-
posed by Lyanda-Geller [31], who noticed that the total
magnetic field—i.e., the addition of the driving and the
static fields—periodically traces out a closed circle which
encloses the origin or not. In the first case, the total mag-
netic field rotates periodically around the origin, whereas
in the second one, it performs an oscillating motion (see
our sketch in Fig. 1 for the case of elliptical driving). This
change in the topological properties of the total magnetic
field is controlled by the dominance of the static or the
rotating field. In fact, the transition from one regime to
the other occurs when the amplitudes of the static and
rotating fields are the same. In this critical case, the to-
tal magnetic field vanishes periodically. This precludes
the use of the adiabatic theorem for the critical case and
implies that nonadiabatic physics is inherent in the topo-
logical transition undergone by the total magnetic field.
In regions far from the critical zone the adiabatic condi-
tion can be fulfilled and the geometrical phase becomes
the Berry phase [32, 33], which is pi or 0, for dominant
ar
X
iv
:2
00
8.
03
07
8v
1 
 [c
on
d-
ma
t.s
tat
-m
ec
h]
  7
 A
ug
 20
20
2rotating or static field, respectively [31].
In order to gain insight into the physics at the critical
region, Ref. [34] has numerically investigated the circu-
lar driving case. It was found that the Bloch-Siegert
shifts [35] (computed following the positions of the reso-
nances in the 2-dimensional parameter space spanned by
the amplitudes of the driving and static fields) develops
a smooth dislocation at the critical line. In addition, the
winding number of the Floquet solutions—i.e., the num-
ber of times the z-axis is enclosed by the periodic in time
Floquet solutions—is not simply related to the winding
number of the total magnetic field. The connection be-
tween winding numbers and the total phase has been
recently investigated within an adiabatic approximation
in the rotating field in Ref. [36].
Here, we derive exact relations fulfilled by the solu-
tions which are linked to the topology of the total mag-
netic field, thus changing exactly at the critical condi-
tion. These relations are valid in the totality of the pa-
rameter space, regardless of the initial state of the sys-
tem. By measuring the quantities linked by these rela-
tions, one can determine both the topology of the to-
tal magnetic field and some unknown parameters of the
Hamiltonian. Furthermore, by applying these relations
to Floquet states, we can interpret the behavior of the
quasienergies reported in Ref. [34] as a consequence of the
vanishing of the rotating field contribution to the mean
energy (or dynamic phase) at the critical condition.
In the original Lyanda-Geller proposal [31], the phys-
ical realization of this field configuration was based on
electrons moving in a mesoscopic ring having Rashba
spin-orbit coupling [37]. The spin of an electron rotat-
ing in the ring undergoes a k-dependent spin-orbit field
which points in-plane and perpendicular to k, thus gen-
erating a cyclic circular rotating field [38]. If a compet-
ing in-plane static Zeeman field is externally applied, the
total field could go through the change of topology previ-
ously described. Using the same idea, in a ring in which
Dresselhaus spin-orbit coupling is also present [39], the
rotating field can be elliptical instead of circular [40]. In
practice, however, measurements both in Rashba [41, 42]
and Rashba and Dresselhaus rings [43, 44] do not man-
age to fully explore the topological transition of the total
field. This is because the large required Zeeman field
introduces dephasing and also because not just a single
TLS is addressed, as rings have many transport modes
open simultaneously. Indeed, mesoscopic loops with spin-
orbit coupling can still be successful for exploring the
nonadiabatic physics at lower fields, but by using polyg-
onal shapes having abrupt changes of the spin-orbit di-
rection in the transition from one side to the next [45, 46].
For this reason, a better alternative to measure and verify
our predictions is using qubits or TLSs platforms and ap-
plying the proper combination of a rotating and a static
coplanar magnetic field. This can be achieved, for ex-
ample, in GaAs quantum-dots based qubits [47–49], in
silicon qubits [50], synthesizing the Hamiltonian in NMR
systems [51], or with superconducting qubits [28, 52]. In
this paper we provide the details of a specific implemen-
tation based on well established ion-trap quantum tech-
nologies.
The outline of the remainder of this paper is as follows.
In Sec. II, we introduce the system of interest and state
the problem under consideration. In Sec. III, we derive
a relation between two time-averaged quantities of the
system which has the ability to indicate the topology of
the applied magnetic field. In Sec. IV, we propose a pos-
sible implementation of our approach by a trapped-ion
quantum system. In Sec. V, we discuss the consequences
of our results for the quasienergy spectrum of Floquet
states. Finally, in Sec. VI, we present conclusions for the
main findings of our work.
II. DESCRIPTION OF THE MODEL
Let us consider a localized spin-s particle under the
action of a time-periodic magnetic field of the form
B(t) = Br(t) +Bs, (1)
where Br(t) = Br,x cos(ωt)ux+Br,y sin(ωt)uy is an ellip-
tically rotating magnetic field of period T = 2pi/ω, and
Bs = Bs,xux +Bs,yuy is a static magnetic field. In these
expressions, ux and uy denote two mutually perpendic-
ular unit vectors. The density operator of the system,
ρˆ(t), obeys the Liouville-von Neumann equation (we set
~ = 1 throughout this paper)
i ˙ˆρ(t) =
[
Hˆ(t), ρˆ(t)
]
(2)
with the Hamiltonian
Hˆ(t) = −γB(t) · Sˆ, (3)
where γ is the gyromagnetic ratio, Sˆ is the vector spin op-
erator for a particle with spin quantum number s, and the
overdot and centered dot indicate, respectively, deriva-
tive with respect to time and scalar product of vectors.
The model presented here is a generalization of the one
considered in Refs. [31, 34], wherein Br,x = Br,y (circu-
larly rotating magnetic field), Bs,y = 0, and s = 1/2.
Henceforth, we assume that the frequencies γBr,x, γBr,y,
and ω are positive. This is not a true restriction, since
this can always be achieved by properly choosing the
signs of ux and uy.
As time progresses, the tip of the vector B(t) traces out
an ellipse centered at the tip of Bs, and with semi-axes
of lengths |Br,x| and |Br,y| in the directions of ux and uy,
respectively (see Fig. 1). Using that the implicit equation
of this ellipse is (Bx−Bs,x)2/B2r,x+(By−Bs,y)2/B2r,y = 1,
it is easy to verify that the dimensionless parameter
η =
(
Bs,x
Br,x
)2
+
(
Bs,y
Br,y
)2
− 1 (4)
determines whether the origin of B(t) lies inside, out-
side, or on the ellipse and, therewith, the type of motion
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FIG. 1. Sketch of the topological transition undergone by the magnetic field B(t) defined in Eq. (1). As shown in the top
figures, B(t) is the result of adding an elliptically rotating magnetic field Br(t) (red vectors) to a static magnetic field Bs (blue
vectors). For η < 0, the origin of B(t) lies inside the ellipse and B(t) rotates periodically around it [panel (a)]. For η = 0, the
origin of B(t) lies on the ellipse and B(t) vanishes periodically in time with periodicity T [panel (b)]. For η > 0, the origin of
B(t) lies outside the ellipse and B(t) performs an oscillating motion [panel (c)].
the vector B(t) is undergoing. Specifically, for η < 0,
the origin of B(t) lies inside the ellipse and, as a result,
the vector B(t) rotates periodically around its origin [see
panel (a) in Fig. 1]. By contrast, for η > 0, the origin of
B(t) lies outside the ellipse and, as a consequence, B(t)
performs an oscillating motion [see panel (c) in Fig. 1].
Finally, for η = 0, the origin of B(t) lies on the ellipse,
giving rise to a magnetic field B(t) which vanishes pe-
riodically in time with periodicity T [see panel (b) in
Fig. 1].
The above discussion indicates that, at the critical
value η = 0, the magnetic field B(t) undergoes a transi-
tion between two regimes with different topological prop-
erties, namely, a rotating regime (for η < 0) and an os-
cillating one (for η > 0). The transition from one regime
to the other can be controlled by varying the value of
the static magnetic field Bs, according to Eq. (4). This
topological transition manifests itself in the spin dynami-
cal properties, as discussed in Ref. [34] for a model which
is a particular case of the one considered here. In the
following section, we derive a relation between two time-
averaged quantities of the system which has the ability
to indicate the topology of the applied magnetic field.
III. CHARACTERIZATION OF THE
TOPOLOGICAL TRANSITION
By using Eqs. (2) and (3), it can easily be shown that
the expectation value of the vector spin operator, S(t) =
Tr[Sˆρˆ(t)], satisfies the classical equation
S˙(t) = −γB(t)× S(t), (5)
where the × symbol indicates vector product of vectors.
To proceed further, let us introduce the dimensionless
T -periodic vector function
q(t) =
[
cos(ωt)− Bs,x
Br,x
]
ξ ux+
[
sin(ωt)− Bs,y
Br,y
]
uy
ξ
, (6)
with ξ =
√
Br,y/Br,x. In terms of the parameter ξ,
the eccentricity of the ellipse traced out by B(t) is√
1−min(ξ4, ξ−4), where min(ξ4, ξ−4) denotes the min-
imum of ξ4 and ξ−4. It is now straightforward to verify
that the following relations hold:
q(t) ·B(t) = −ηΩr|γ| (7)
and
q˙(t)× uz = |γ|ωBr(t)
Ωr
, (8)
where Ωr =
√
γ2Br,xBr,y is the geometric mean of the
frequencies γBr,x and γBr,y, and uz = ux × uy is a unit
vector perpendicular to the plane in which B(t) lies. In
addition, using Eqs. (5) and (7), it can also be verified
by simple vector algebra that
[q(t)× uz] · S˙(t) = sgn(γ)ηΩrSz(t), (9)
where Sz(t) = uz · S(t) is the z-component of the expec-
tation value of the vector spin operator.
Taking the time average of both sides of Eq. (9) over
a natural number of periods nT , integrating by parts
the left-hand side of the obtained expression, and using
Eq. (8), it can readily be shown that
E¯(n)r +R
(n) =
ηΩ2r
ω
S¯(n)z , (10)
4where
S¯(n)z =
1
nT
∫ nT
0
dt Sz(t), (11)
E¯(n)r = −
γ
nT
∫ nT
0
dtBr(t) · S(t), (12)
and R(n) = sgn(γ)Ωr [q(0)× uz] · [S(nT )− S(0)] /(2pin).
The term R(n) vanishes in some special cases. This
occurs, for instance, if the system is prepared in a Flo-
quet state [53] or, more generally, in a statistical mixture
of Floquet states. In that case, the function S(t) is T -
periodic and, consequently, S(nT )− S(0) is equal to zero
for any natural number n. Independently of the initial
preparation, this term also vanishes in the limit as n goes
to infinity, since the sequence S(nT )− S(0) is bounded.
In this limit, Eq. (10) reduces to
E¯r =
ηΩ2r
ω
S¯z, (13)
where S¯z and E¯r are the limits as n goes to infinity of S¯
(n)
z
and E¯
(n)
r , respectively. In the Appendix it is shown that
these limits exist and can be calculated explicitly by mak-
ing use of the Floquet theorem [53]. In computer simu-
lations, or real experiments, the function S(t) is known
only in a finite time interval. Thus, the limiting behavior
predicted by Eq. (13) can be reached only approximately
by choosing a sufficiently large value of n. To be more
precise, n must be chosen large enough to ensure that
R(n) is much smaller than E¯
(n)
r .
Equation (13) is one of the central results of the present
work. It shows that, independently of the initial prepa-
ration, the infinite-time average of the energy associated
with the rotating component of the magnetic field, E¯r,
is always directly proportional to the infinite-time aver-
age of the z-component of the expectation value of the
vector spin operator, S¯z. Moreover, the sign of the pro-
portionality constant ηΩ2r/ω is closely correlated with the
topology of the applied magnetic field [see the discussion
below Eq. (4)]. Consequently, the quantity
Q = sgn(E¯r) sgn(S¯z) (14)
can be used as a reliable indicator of this topology, pro-
vided that S¯z 6= 0 [54]. Specifically, the values Q = +1
and Q = −1 indicate, respectively, that the magnetic
field B(t) oscillates or rotates, whereas the value Q = 0
indicates that B(t) vanishes periodically in time.
In order to illustrate our result, we simulate the dy-
namics of a localized spin-1/2 particle subject to an el-
liptical driving, and compute the signs of S¯z and E¯r
to obtain Q. We solve numerically Eq. (2) using Flo-
quet techniques (see Appendix for general details), and
evaluate sgn(E¯r), sgn(S¯z), and Q for different initial
spin states. In Fig. 2, the amplitudes of the rotating
field are fixed at Br,x = 7.25ω/γ and Br,y = 2.25ω/γ,
and the strengths of the static field are varied. The
computed Q is, as expected, independent of the ini-
tial spin state and it changes its sign when the to-
tal magnetic field changes its topology. From Eq. (4),
we can see that the change of topology occurs when
γ2B2s,x/(7.25ω)
2 + γ2B2s,y/(2.25ω)
2 = 1 and, thus, the
boundary is elliptical. On the other hand, in Fig. 3, we
explore a situation in which we vary the amplitudes of
the rotating field while the strengths of the static field are
fixed at Bs,x = 2.3ω/γ and Bs,y = 4.1ω/γ. Here again
Q behaves as an indicator of the topology of the total
magnetic field, regardless of the initial spin state ρˆ(0).
According to Eq. (4), the boundary between the two re-
gions is the curve γBr,y/ω = 4.1/
√
1− 2.32ω2/(γBr,x)2.
IV. PROPOSAL FOR A TRAPPED-ION
IMPLEMENTATION
The previous protocol can be straightforwardly im-
plemented with a trapped-ion quantum system [55, 56].
Trapped ions can be confined with electromagnetic fields
in Paul traps, forming strings in vacuum. They can then
be cooled down via Doppler cooling and sideband cool-
ing to a few amount of phonons in the ion motional de-
grees of freedom, and manipulated with lasers to carry
out coherent—i.e., unitary—operations. Trapped ions
have been employed, among other purposes, for quan-
tum simulations and quantum interfaces [57–59]. This
is an optimal system to perform the protocol previously
described, given that a single ion and a few laser beams
with carrier transitions are all that is needed [55, 56].
For the sake of clarity and the ease of experimental
implementation, here we restrict ourselves to the case
s = 1/2, although similar analyses could be done for
larger s. In this case, from Eqs. (1) and (3), we have
Hˆ(t) = −γσˆx
2
[Br,x cos(ωt) +Bs,x]
− γσˆy
2
[Br,y sin(ωt) +Bs,y] , (15)
where hereafter σˆx, σˆy, and σˆz are the usual Pauli oper-
ators.
To illustrate a proposal for implementation, we con-
sider a single two-level ion trapped in a Paul trap and
cooled enough such that carrier interactions can be per-
formed to a high fidelity (e.g., about 99%) [55, 56]. No
coupling to phonon degrees of freedom is needed, such
that one does not require, in principle, ground state cool-
ing or to enter deeply onto the Lamb-Dicke regime, al-
though entering to a certain extent in this regime would
be desirable to increase coherence and gate fidelity.
The basic trapped-ion interaction we will employ is the
coupling of the ion with a laser via a carrier Hamiltonian,
which, expressed in a certain interaction picture, reads
Hˆ i.p.c (t) = Ωc(e
i∆t+iφσˆ+ + e
−i∆t−iφσˆ−). (16)
Here, Ωc is the carrier Rabi frequency, ∆ = ω0 − ωL,
with ω0 and ωL being, respectively, the energy difference
5FIG. 2. Numerically-obtained values of sgn(E¯r) (top panels), sgn(S¯z) (middle panels), and Q (bottom panels) as a function of
the static field components, for s = 1/2 and constant rotating field amplitudes Br,x = 7.25ω/γ and Br,y = 2.25ω/γ. No color
is assigned to the zero-measure regions (lines) in which the quantities sgn(E¯r), sgn(S¯z), and Q are equal to zero. From left to
right, the initial spin state ρˆ(0) is |↑x〉〈↑x|, |↑y〉〈↑y|, and |↑z〉〈↑z|, respectively. Regardless of the initial spin state, the value of
Q reflects the topology of the total magnetic field. Specifically, Q = 1 when B(t) performs an oscillating motion and Q = −1
when B(t) rotates periodically around its origin.
FIG. 3. Numerically-obtained values of sgn(E¯r) (top panels), sgn(S¯z) (middle panels), and Q (bottom panels) as a function of
the rotating field components, for s = 1/2 and constant static field amplitudes Bs,x = 2.3ω/γ and Bs,y = 4.1ω/γ. No color is
assigned to the zero-measure regions (lines) in which the quantities sgn(E¯r), sgn(S¯z), and Q are equal to zero. From left to
right, the initial spin state ρˆ(0) is |↑x〉〈↑x|, |↑y〉〈↑y|, and |↑z〉〈↑z|, respectively. As in Fig. 2, the value of Q reflects the topology
of the total magnetic field, independently of the initial spin state.
between the two levels of the ion and the laser frequency,
σˆ+ and σˆ− are the raising and lowering spin operators,
respectively, and φ is the laser phase. The interaction pic-
ture in Eq. (16) is computed with respect to the Hamil-
tonian ω0σˆz/2.
The first step of the experiment is to initialize the spin
state onto a certain desired initial state. This can be
achieved, for an arbitrary pure spin-1/2 state, via the
combination of up to three carrier interactions of the
form given in Eq. (16) for ∆ = 0 and different values of
6Ωc and φ, depending on the initial state one would like
to obtain [60]. The subsequent step is to express the dy-
namics generated by the Hamiltonian in Eq. (15) in terms
of building blocks of the form given by Eq. (16), thereby
establishing a mapping between the physical parameters
of both equations. By decomposing the sine and cosine
functions into exponentials, Eq. (15) can alternatively be
written as
Hˆ(t) =
6∑
j=1
Ωc,j(e
i∆jt+iφj σˆ+ + e
−i∆jt−iφj σˆ−), (17)
where Ωc,1 = Ωc,2 = γBr,x/4, Ωc,3 = Ωc,4 = γBr,y/4,
Ωc,5 = γBs,x/2, Ωc,6 = γBs,y/2, ∆1 = −∆2 = ∆3 =
−∆4 = ω, ∆5 = ∆6 = 0, φ1 = φ2 = φ4 = φ5 = pi,
φ3 = 0, and φ6 = pi/2. Therefore, six additional carrier
interactions are required for this purpose.
In order to calculate the topological indicator Q de-
fined by Eq. (14) in a trapped-ion experiment, we need
to compute numerically the integrals in Eqs. (11) and
(12) for a sufficiently large number of periods. This
entails knowing the values of the three components
of S(t) at a discrete set of time instants. With re-
spect to Sz(t), it is one-half the expectation value of
σˆz, which can be straightforwardly obtained via res-
onance fluorescence [60]. Regarding the components
Sx(t) = Tr[σˆxρˆ(t)]/2 and Sy(t) = Tr[σˆyρˆ(t)]/2, af-
ter some simple transformations, they can be brought
into the form Sx(t) = Tr
[
σˆze
ipiσˆy/4ρˆ(t)e−ipiσˆy/4
]
/2 and
Sy(t) = Tr
[
σˆze
−ipiσˆx/4ρˆ(t)eipiσˆx/4
]
/2. Therefore, by
straightforward local rotations on the ion immediately
before measurement, which can be done via further car-
rier interactions of the form given by Eq. (16), one can
also obtain Sx(t) and Sy(t) to a large fidelity by reso-
nance fluorescence.
With this protocol for an experiment with trapped
ions, the topological phase of the applied magnetic field
can be determined by measuring independently S¯
(n)
z
and E¯
(n)
r for a sufficiently large value of n. Natu-
rally, in this proposal, the values of the Rabi frequen-
cies are known and, therefore, the topological phase can
be alternatively determined by calculating the parameter
η = Ω2c,5/(2Ωc,1)
2 + Ω2c,6/(2Ωc,3)
2 − 1. However, unlike
what happens with η, the quantities S¯
(n)
z and E¯
(n)
r can
be calculated without knowing a priori the value of the
static magnetic field Bs. This may prove useful for pos-
sible scenarios with other kinds of quantum technologies,
e.g., NV centers [61], where the aim may be to obtain the
topological phase of a partially unknown magnetic field
via a spin measurement.
Single-qubit trapped-ion gates can be carried out with
extremely good fidelities, in some cases with errors of
one part in a thousand or even smaller [62]. The main
limitation in a trapped-ion experiment is likely going to
be the decoherence time [56]. Thus, to verify that the
above proposal is feasible, one has to ensure that the time
nT required to reach the limiting behavior predicted by
Eq. (13) is sufficiently small in comparison to the deco-
herence time.
To illustrate this point with specific examples, let us
consider two combinations of Rabi frequencies that re-
sult in different topological phases of the magnetic field.
In the first one, Ωc,5 = 2Ωc,1 and Ωc,6 = 2Ωc,3, so that
η = 1. In the second one, Ωc,5 = Ωc,6 = 0 and, con-
sequently, η = −1. In order to obtain an estimate of
the time nT , we impose the condition that the residual
term R(n) be negligible in comparison to the other two
terms in Eq. (10). Assuming that S¯
(n)
z does not van-
ish for large values of n, which will happen for a vari-
ety of the initial states considered, it then follows that
the relation nTΩr  1 should hold. This can always be
achieved for appropriate trapped-ion parameters. For ex-
ample, if we take ω = Ωr, then the above relation takes
the form nTΩr = 2pin 1. In case we would like to
have 2pin > 10, it would suffice to take n = 2. Since
Ωr = 4
√
Ωc,1Ωc,3, this would correspond to an exper-
iment time of 2T = 4pi/ω = pi/
√
Ωc,1Ωc,3. For carrier
Rabi frequencies Ωc,1 and Ωc,3 of about 2pi × 10 kHz,
this would be well below typical decoherence times of a
few milliseconds.
V. IMPLICATIONS FOR FLOQUET
QUASIENERGIES
In an experimental setting, initializing the system in
a pure Floquet state can be impractical. However, in
this section, we apply the results of Sec. III to this case,
unveiling interesting properties of the quasienergy spec-
trum that are linked to the topological change of the total
magnetic field.
First, note that if |Φj , t〉 is a Floquet state with
quasienergy j (see Appendix for definitions), it holds
that HˆF(t) |Φj , t〉=j |Φj , t〉, where HˆF(t)≡Hˆ(t)− i∂t
is the Floquet operator (henceforth, ∂• denotes par-
tial derivative with respect to the subscript variable •).
Making the change of variables γBr,x = Ωrξ
−1 and
γBr,y = Ωrξ in Eq. (3) and using the chain rule, it can
easily be shown that
∂ΩrHˆF(t) = κ ·∇rHˆF(t) = −
γBr(t) · Sˆ
Ωr
, (18)
where κ = (ξ−1ux + ξuy)γ−1 and ∇r is the gradient op-
erator with respect to the variables Br,x and Br,y, i.e.,
∇r = ux∂Br,x + uy∂Br,y . As mentioned in Sec. III, the
parameter ξ is closely related to the eccentricity of the
ellipse traced out by B(t). Therefore, the straight lines
obtained by keeping the value of ξ fixed and allowing the
value of Ωr to vary (white lines in Fig. 4) are lines of
constant eccentricity.
Let us assume that the spin is initialized in the pure
Floquet state ρˆ(0) = |Φj , 0〉〈Φj , 0|. For this initial condi-
tion, the function S(t) is T -periodic and, consequently,
the infinite-time averages of −γBr(t) · S(t) and Sz(t) re-
duce to averages over a single period. Therefore, one has
that E¯r,j= E¯
(1)
r,j and S¯z,j= S¯
(1)
z,j , where the subscript j has
been introduced to specify the particular Floquet state
7FIG. 4. Numerically-obtained values of the quasienergies j
for a localized spin-1/2 particle. The subscript j labels the
positive quasienergy solution in the first Brillouin zone. As
in Fig. 3, the static field amplitudes are fixed at the values
Bs,x = 2.3ω/γ and Bs,y = 4.1ω/γ, and the driving field com-
ponents are varied. The white solid lines indicate several di-
rections of constant ξ, i.e., of constant eccentricity. The black
dash-dotted line indicates the topological transition curve
γBr,y/ω = 4.1/
√
1− 2.32ω2/(γBr,x)2. The red arrows indi-
cate the directions of the gradient ∇rj at the intersections
of the lines of constant eccentricity with the topological tran-
sition curve. These arrows are always perpendicular to the
associated constant ξ direction, illustrating that κ ·∇rj = 0
when η = 0 [see Eq. (19)]. This is also evidenced by the fact
that at these intersections the white lines of constant ξ are
tangent to the level curves of j (black solid lines).
under consideration. Thus, by applying the Floquet ver-
sion of the Hellmann-Feynman theorem [63] to Eq. (18),
we obtain that ∂Ωrj=κ ·∇rj= E¯r,j/Ωr. From Eq. (13),
it then follows that
∂Ωrj = κ ·∇rj =
ηΩr
ω
S¯z,j . (19)
The above expression provides a relationship between
the parameter η in Eq. (4) and the component of the
quasienergy gradient along the lines of constant eccen-
tricity κ ·∇rj . In particular, for the critical value η = 0,
one has that κ ·∇rj = 0. This implies that, along the
topological transition boundary, the gradient∇rj either
vanishes or is normal to the lines of constant eccentricity.
This result is specially relevant for situations in which the
static field is kept constant and the driving amplitudes
are varied, as shown in Fig. 4 for the case s = 1/2.
Another straightforward consequence of Eq. (19) is
that ∂Ωrj vanishes when η = 0. By expressing Eq. (4) in
terms of Ωr and ξ, it can easily be verified that this occurs
when Ωr = Ωr,c ≡
√
(γBs,xξ)2 + (γBs,y/ξ)2. Therefore,
the quasienergy j , as a function of Ωr, has a stationary
FIG. 5. Numerically-obtained values of sgn(S¯z,j) as a func-
tion of Ωr/ω and γBs,y/ω, for s = 1/2, ξ = 0.775, and
γBs,x/ω = 2.3. As in Fig. 4, the subscript j labels the pos-
itive quasienergy solution in the first Brillouin zone. The
black solid line indicates the topological transition curve
γBs,y/ω = 0.775
√
(Ωr/ω)2 − (2.3× 0.775)2. The inset shows
the dependence of the dimensionless quasienergy j/ω on
Ωr/ω for the three values of γBs,y/ω indicated in the main
figure by horizontal segments with the same color code. The
values of Ωr,c/ω corresponding to each value of γBs,y/ω are
given by the abscissas of the centers of the filled circles. When
S¯z,j > 0 at Ωr,c/ω, j/ω has a local maximum at Ωr,c/ω (red
line). By contrast, when S¯z,j < 0 at Ωr,c/ω, j/ω has a local
minimum at Ωr,c/ω (yellow line). Finally, when S¯z,j changes
sign at Ωr,c/ω, j/ω has an inflexion point at Ωr,c/ω (green
line).
point at Ωr = Ωr,c. We can determine the nature of this
stationary point by examining the sign of ∂Ωrj given by
Eq. (19) immediately to the left and to the right of Ωr,c.
Using that η > 0 for Ωr < Ωr,c and η < 0 for Ωr > Ωr,c, it
then follows that j has a local maximum (respectively,
minimum) at Ωr,c if S¯z,j > 0 (respectively, S¯z,j < 0) at
Ωr,c. Analogously, if S¯z,j changes sign at Ωr,c, then j
has an inflexion point at Ωr,c. These three possible sit-
uations are illustrated in Fig. 5 for the case s = 1/2.
It is worth mentioning that these results are consistent
with the numerical simulations reported in Ref. [34] for
the case ξ = 1 (circularly rotating magnetic field), where
it is shown that ∂Ωrj = 0 at the topological transition
curve.
VI. CONCLUSIONS
We have addressed systems that can be modeled by
a localized spin-s particle driven by an elliptically ro-
tating magnetic field coplanarly competing with a static
component. Equation (13) summarizes the main result
8of this paper: the existence of a relation between two
time-averaged quantities of the system which is linked
to the topology of the applied magnetic field. Remark-
ably, this result is exactly valid in the whole parame-
ter space, regardless of how strong the applied magnetic
fields are or how close the system is to the nonadia-
batic region in which the total magnetic field changes
its topology. In addition, it is independent of the ini-
tial state of the system. This finding paves the way to
using time-averaged measurements to obtain knowledge
of the underlying topology of the applied magnetic field.
Moreover, in practice, the topological indicator Q [see
Eq. (14)] can be computed without requiring a complete
knowledge of all the parameters appearing in the Hamil-
tonian (3). Therefore, the analysis of results—as the ones
presented in Figs. 2 and 3—provides a tool capable of
quantifying the unknown parameters.
To put our approach into practice, the first step is to
identify quantum systems whose dynamics can be de-
scribed as a driven spin-s particle. The most promising
candidates are the two-level quantum systems or qubits
(i.e., s = 1/2). In this paper, we have presented simula-
tions for a driven two-level quantum system illustrating
both the independence of our results on the initial state of
the system and their applicability to any driving regime.
In addition, we have shown that Eq. (13) imposes re-
strictions to the quasienergy spectrum (see Sec. V) that
are consistent with previous numerical investigations of
the circular driving case [34], and that can be useful for
situations in which the quasienergy spectrum is accessi-
ble. The obtained exact conditions for the quasienergies
are also theoretically relevant for future investigations
attempting to obtain closed analytical expressions of the
Floquet solutions to this problem. Finally, we have pro-
posed a possible implementation of our approach by a
trapped-ion quantum system. This setup appears to be
an excellent platform for implementing and testing mag-
netic fields undergoing topological transitions because of
the exceptional high fidelities achieved in similar state-
of-the-art experiments.
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Appendix
The Floquet theorem [53] guarantees that the
Schro¨dinger equation corresponding to the Hamilto-
nian (3) possesses a complete set of solutions of the form
e−itj |Φj , t〉, with j = 1, . . . , 2s + 1. The state vectors
|Φj , t〉 are T -periodic functions of time and are referred to
as Floquet states. The quantities j are called quasiener-
gies and can be taken to lie within the first Brillouin zone
[−ω/2, ω/2). It is easy to see, then, that the solution of
Eq. (2) can be expressed in terms of the initial density
operator ρˆ(0) as
ρˆ(t) =
2s+1∑
j=1
2s+1∑
k=1
ρjk(0) |Φj , t〉〈Φk, t| e−i(j−k)t, (A.1)
where ρjk(0) = 〈Φj , 0|ρˆ(0)|Φk, 0〉. Using Eq. (A.1) to
compute S(t), inserting the resulting expression into
Eqs. (11) and (12), and taking the limit as n tends to
infinity, we obtain after some calculations
S¯z =
1
T
∫ T
0
dt S′z(t) (A.2)
and
E¯r = − γ
T
∫ T
0
dtBr(t) · S′(t), (A.3)
where
S′(t) =
2s+1∑
j=1
2s+1∑
k=1
ρjk(0) 〈Φk, t|Sˆ|Φj , t〉 δj ,k . (A.4)
In particular, if the quasienergy spectrum is nondegener-
ate, then Eq. (A.4) simplifies to
S′(t) =
2s+1∑
j=1
ρjj(0) 〈Φj , t|Sˆ|Φj , t〉 . (A.5)
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